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3D	  MHD	  brings	  together	  tokamaks	  and	  stellarators	  

Tokamak	  non-‐axisymmetric	  designs	  	  

(magneOc	  ripple,	  resonant	  magneOc	  perturbaOons,…)	  

Tokamak	  MHD	  helical	  modes	  and	  bifurca;ons	  	  

(saturated	  internal	  kink,	  sawteeth)	  

Stellarator	  three-‐dimensional	  topology	  
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ComputaOonal	  3D	  MHD	  is	  an	  outstanding	  challenge	  

Ø  Ideal  MHD  predicts  the  existence  of  singular  currents  in  3D	
                  	

Ø  Computation  of  3D  equilibria  is  an  outstanding  numerical  challenge	

Ø  Critical  for  3D  macroscopic  stability  (kink  modes,  sawteeth)	

①  Can  we  predict  the  magnitude  of  these  singular  currents?	

②  Can  we  compute  3D  MHD  equilibria  with  magnetic  islands?	

Ø  Critical  for  3D  equilibrium  (magnetic  islands,  confinement)	
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Ideal	  MHD	  predicts	  singular	  currents	  

Magnetic  coordinates	

Fourier  decomposition	

Equation  type	

Formulas

June 23, 2014
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Pfirsch-‐‑SchluAer  current	 Dirac  δ-‐‑current	
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How	  to	  calculate	  3D	  MHD	  equilibrium?	  

Ø  VMEC    	
                      –  based  on  energy  functional  with  ideal  constraints	
                      –  cannot  resolve  rational  surfaces	

EITHER            Insist  on  nested  flux  surfaces  (ideal  MHD)	

OR                              Relax  assumption  of  flux  surfaces	

Ø  Resistive  MHD      	
                      –  initial  value  calculation,  not  based  on  energy  minimum	
                      –  islands  develop  and  break  rational  surfaces	
	
Ø  Relaxed  MHD      	
                      –  based  on  energy  functional  with  fewer  constraints	
                      –  islands  develop  at  rational  surfaces	
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MulOregion	  Relaxed	  MHD	  	  

Ideal  MHD	Taylor’s  theory  	
        	

MRxMHD	
	

More	  constraints	  Fewer	  constraints	  
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Helicity	  is	  conserved	  globally	   Helicity	  is	  conserved	  discretely	   Helicity	  is	  conserved	  locally	  

6	  



Existence	  of	  stepped-‐pressure	  equilibria?	  

7	  



Stepped-‐Pressure	  Equilibrium	  Code	  (SPEC)	  

[Hudson	  et	  al,	  PoP,	  2012]	  

Ø  Implementation  of  MRxMHD    	
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Ø  Finds  minimum  of  	

Given pl,� l,� p,l, Hl0 (16)

Topology: B ·r 
��
@V

= 0 (17)

Given p,� , H0 (18)

()

2

Given pl,� l,� p,l, Hl0 (16)

Topology: B ·r 
��
@V

= 0 (17)

Given p,� , H0 (18)

Rl : Il :

2

Given pl,� l,� p,l, Hl0 (16)

Topology: B ·r 
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@V
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Given p,� , H0 (18)

Rl : Il :

2

p3	
p2	
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or  	
or  	

8	  



9	  

SPEC	  successfully	  reproduced	  helical	  states	  in	  RFPs	  

[Dennis	  et	  al,	  PRL,	  2013]	  



SPEC	  computed	  DIII-‐D	  equilibrium	  	  
with	  perturbed	  boundary	  

[Hudson	  et	  al,	  PoP,	  2012]	  

Magnetic  island  at  q=2  rational  surface	

10	  



Ideal	  MHD	  is	  a	  limit	  of	  MRxMHD	  

11	  

Corollary	  for	  large	  N:	  

①  Axisymmetry:  Grad-‐‑Shafranov  equilibrium  should  be  retrieved	

②  Non-‐‑axisymmetry:  singular  currents  should  arise	

Given pl,� l,� p,l, Hl0 (16)

Topology: B ·r 
��
@V

= 0 (17)

Given p,� , H0 (18)

Rl : Il :

� ,� p, H0 (19)

� ,� p, µ (20)

� , ◆-�, ◆-+ (21)

ˆi ˆk (22)

R = Rl�1,0 + Rl�1,1 cos ✓ , R = Rl,0 + Rl,1 cos ✓ s = +1 s = �1 (23)

B ·rs = 0 s (24)

B = (Bs, B✓, B⇣) = B(s, ✓;µ, B0, ˆB0,�l, ✏l�1, ✏l) (25)

(µ, B0, ˆB0)$ (� l, ◆-
+
l , ◆-�l ) ◆-±l = ±1.618033... (26)

B(� 1, ◆-
+
1 , ◆-�1 ,�1, ✏0, ✏1) (27)

B(� 2, ◆-
+
2 , ◆-�2 ,�2, ✏1, ✏2) (28)

B(� 3, ◆-
+
3 , ◆-�3 ,�3, ✏2, ✏3) (29)

V1 : V2 : V3 (30)

[[B2
]] = [[B2

]]m=0 + [[B2
]]m=1 cos ✓ = 0 (31)

�1,�2 (32)

✏1, ✏2 (33)

M

✏1
✏2

�
= D


✏0
✏3

�
(34)

lim

� 2!0, ◆-±2 !0

h
detM

i
= 0 (35)

j ⇠ [[B]]⇥ n �(x) (36)

2



12	  

SPEC	  benchmarked	  against	  VMEC	  in	  axisymmetry	  

VMEC	

SPEC  (N=16)	

[Hudson	  et	  al,	  PoP,	  2012]	  



13	  

Philosophy:	  build	  up	  understanding	  	  
by	  steps	  of	  increasing	  complexity	  	  

Ø  There	  are	  two	  superimposed	  singulariOes	  in	  the	  parallel	  current	  

Ø  Geometry	  introduces	  most	  of	  the	  complexity	  

Ø  Start	  with	  constant-‐pressure	  plasma	  to	  isolate	  the	  δ-‐current	  

Ø  Start	  with	  slab	  geometry	  

Hahm-‐Kulsrud-‐Taylor	  
	  available	  solu;on	  (1985)	  	  

Rosenbluth-‐Dagazian-‐Rutherford	  
available	  solu;on	  (1973)	  



14	  

MRxMHD	  in	  slab	  can	  be	  treated	  analyOcally	  

UNPERTURBED  (R11  =  R01  =  0)	 PERTURBED  (R11  =  -‐‑R01  =  10-‐‑2)	

Given pl,� l,� p,l, Hl0 (16)

Topology: B ·r 
��
@V

= 0 (17)

Given p,� , H0 (18)

Rl : Il :

� ,� p, H0 (19)

� ,� p, µ (20)

� , ◆-�, ◆-+ (21)

ˆi ˆk (22)

2

Given pl,� l,� p,l, Hl0 (16)

Topology: B ·r 
��
@V

= 0 (17)

Given p,� , H0 (18)

Rl : Il :

� ,� p, H0 (19)

� ,� p, µ (20)

� , ◆-�, ◆-+ (21)

ˆi ˆk (22)

2

Resonant	  ra;onal	  ι=0	  

R	  =	  R10	  +	  R11cos(θ)	  

R	  =	  R00	  +	  R01cos(θ)	  

Impose	  ι	  >	  0	  

Impose	  ι	  <	  0	  

linearized	  soluOon	  (R11<<Δ)	  
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MRxMHD	  in	  slab	  can	  be	  treated	  analyOcally	  

UNPERTURBED  (R31  =  R01  =  0)	PERTURBED  (R31  =  -‐‑R01  =  10-‐‑2)	

IDEA:	   shield	   the	   island	   by	  
reducing	  flux	  and	  transform	  
in	  the	  resonant	  volume	  

Need	  to	  specify	  how	  we	  take	  the	  limit	  
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1. Motivation and Summary

I Ideal MHD predicts singular currents forming at rational surfaces in 3D equilibria [1]:

I A Pfirsch-Schlüter 1/x-current, which arises as a result of finite pressure gradient.

I A �(x)-current which presumably prevents the formation of islands.
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I Singular currents are critical for the stability of 3D MHD equilibria [2].

I We provide the first numerical proof of their mutual existence [3]:

I An analytical, slab, linear model based on the multiregion, relaxed MHD (MRxMHD) theory

(1) describes the formation of magnetic islands at resonant rational surfaces,

(2) retrieves the ideal MHD limit where magnetic islands are shielded,

(3) computes the subsequent formation of singular currents.

I A numerical implementation of MRxMHD, the Stepped-Pressure Equilibrium Code (SPEC),

(1) agrees with the analytical model for small perturbations in slab geometry,

(2) can compute 3D equilibria in cylindrical and toroidal configurations.

I Results encourage the use of MRxMHD to compute three-dimensional MHD equilibria with
magnetic islands and singular currents in cylindrical and toroidal configurations.

2. MRxMHD theory
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&&&&*

&MRxMHD*
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I MRxMHD converges to ideal MHD for N !1 [7].

I Stepped-pressure & singular currents possible.

3. SPEC code [8]

I Computes MRxMHD equilibria.

I Runs slab, cylindrical and toroidal geometries.

I Benchmarked against VMEC in axisymmetry [8].

I Reproduced helical states in RFP [9].

I Calculated DIII-D equilibria with RMPs [8].

4. Analytical linear theory

SINGLE RELAXED VOLUME

I Slab torus r = ✓̂i + ⇣ ĵ + R(s, ✓, ⇣)k̂ , s 2 [�1, 1].

I R(s, ✓, ⇣) interpolates boundary interfaces.

Ir⇥ B = µB with B ·rs = 0 at boundaries.

I Unperturbed solution: Bu depends on

(µ,� p,� t) or (H,� p,� t) or (◆-+, ◆-�,� t)

I Perturbed boundary (n=0,m=1): Bu + �B depends on

(◆-+, ◆-�,� t) and (�, R0,1, R1,1)

MULTIPLE RELAXED VOLUMES

Ir⇥ B = µB in each volume Vl, l = 1 . . . N.

I B(◆-±l ,� t ,l) needs interfaces shape {�l, Rl ,1}

I [[p + B2/2]] = 0 across each interface.

I N � 1 nonlinear equations Fl(�l,�l+1) = 0

I (N � 1)2 matrix system MR = S

ISLAND SHIELDING AND �(x)-CURRENT

I Squeeze island with N=3.

I ◆-±2 = ±X↵

I� t ,2 = X �

I X ! 0

I Prediction limX!0[[B]] 6= 0

I j = [[B]]⇥ n �(◆-� ◆-res)

I Recover HKT [10]

ISLAND SHIELDING AND PFIRSCH-SCHLUTTER CURRENT
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5. SPEC simulations

Convergence of geometry
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I SPEC captures both �-current
and 1/x current.

I Results converge to the linear
theory for small boundary
perturbation.
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6. Outlook
I Cylindrical MRxMHD equilibria

are being considered in order to
retrieve the Rosenbluth solution
for the saturated m = 1, n = 1,
ideal kink mode and the current
sheet associated with it [11].

I In the future, SPEC will be used
to compute 3D MHD equilibria in
tokamaks and stellarators.
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SPEC	  reproduces	  the	  analyOcal	  results	  

The	  agreement	  between	  SPEC	  and	  the	  linear	  analy;cal	  
predic;on	  improves	  with	  decreasing	  perturba;on	  

Interface	  geometry	   Field	  disconOnuity	  

m=0	  

m=1	  
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Summary	  and	  outlook	  

Ø  Ideal	  MHD	  predicts	  two	  types	  of	  singular	  currents	  at	  raOonal	  surfaces	  in	  3D	  

Ø  We	  have	  developed	  an	  analy;cal	  linear	  slab	  model	  that	  
	  	  	  	  	  	  	  	  	  (1)	  describes	  the	  formaOon	  of	  islands	  around	  resonant	  raOonal	  surfaces	  
	  	  	  	  	  	  	  	  	  (2)	  retrieves	  the	  ideal	  MHD	  limit	  in	  which	  magneOc	  islands	  are	  shielded	  
	  	  	  	  	  	  	  	  	  (3)	  computes	  the	  subsequent	  formaOon	  of	  δ-‐currents	  and	  1/x-‐currents	  

Ø  We	  have	  provided	  the	  first	  numerical	  proof	  of	  their	  mutual	  existence	  

Ø  SPEC	  is	  capable	  of	  compuOng	  3D	  equilibria	  in	  slab,	  cylindrical,	  toroidal	  

Ø  Currently	  using	  SPEC	  to	  obtain	  the	  nonlinearly	  saturated	  internal	  kink	  
	  	  	  	  	  	  and	  the	  current	  sheet	  associated	  with	  it	  
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